This article studies M -type estimators for fitting robust generalized additive models in the presence of anomalous data. A new theoretical construct is developed to connect the costly M -type estimation with least-squares type calculations. Its asymptotic properties are studied and used to motivate a computational algorithm. The main idea is to decompose the overall M -type estimation problem into a sequence of well-studied conventional additive model fittings. The resulting algorithm is fast and stable, can be paired with different nonparametric smoothers, and can also be applied to cases with multiple covariates. As another contribution of this article, automatic methods for smoothing parameter selection are proposed. These methods are designed to be resistant to outliers. The empirical performance of the proposed methodology is illustrated via both simulation experiments and real data analysis.
transformation that is capable of converting this nonlinear problem into a least-squares type calculation. This transformation contains unknown quantities so it cannot be performed in practice. However, it motivates an efficient algorithm for computing the robust estimates.
The main idea is to decompose the original nonlinear equation-solving problem into a sequence of relatively fast and well-studied AM fittings. It can also be paired with different nonparametric smoothers, and applied to problems with multiple covariates. In this work we also develop automatic and reliable methods for choosing the amount of smoothing. These methods are based on the work of Konishi and Kitagawa (1996) , and they accommodate the presence of outliers and worked well in simulations.
The rest of this article is organized as follows. Background material is provided in Section 2. The proposed robust estimators and the aforementioned computational algorithm are presented in Section 3, while some theoretical development is given in Section 4. The issue of smoothing parameter selection is then addressed in Section 5, and Section 6 discusses the case of multiple covariates. Empirical performances of the proposed methodology are evaluated via simulations and real data example in Sections 7 and 8 respectively. Concluding remarks are offered in Section 9 while technical details are deferred to the appendix.
Background 2.1 Notation and Definitions
A standard setting for GAM fitting is as follows. The responses {y i } n i=1 are assumed to be independent and follow the exponential family distribution with unknown expectation µ i and known variance function V (µ i ). The expectation µ i is related to the linear predictor η i via a monotonic link function g: η i = g(µ i ). Suppose there are m covariates x 1i , . . . , x mi .
In GAMs η i is modeled as a sum of smooth functions f 1 , . . . , f m of these covariates:
For clarity we will first focus on the case when m = 1 and delay our discussion for m > 1 to Section 6. To simplify notation, when m = 1, we write f 1 = f and x 1i = x i for all i. That is, (1) reduces to η i = f (x i ).
One common nonparametric approach to estimating f is penalized basis expansion fitting. With a set of pre-specified basis functions {b 1 (·), . . . , b p (·)}, the smooth function f , now written as f (x; β), is assumed to have the following representation:
where β = (β 1 , . . . , β p ) T is a vector of basis coefficients. To estimate β, regularization methods such as penalized likelihood are often used. Let D be a pre-specified penalty matrix and λ > 0 be a smoothing parameter. Then β can be estimated by maximizing
where l is the log-likelihood function or a quasi log-likelihood function. Differentiating this functional with respect to β yields the following system of estimating equations
∂ ∂β µ i − Sβ = 0, with S = 2λD.
The traditional estimator of β, denoted asβ, is the solution of (3). Popular members of this class of nonparametric smoothers include smoothing splines (e.g., Green and Silverman, 1994) and penalized regression splines (e.g., Ruppert et al., 2003) .
Influence Function ofβ
Influence function is a useful concept for studying the robustness properties of an estimator.
Suppose the data {z i } n i=1 are generated from a distribution G(z, θ) with an unknown parameter θ. Further suppose that the estimatorθ for θ can be expressed asθ = H(Ĝ),
where H is a functional andĜ is the empirical cumulative distribution function (cdf) should not be arbitrarily large for any value of z. In other words, IF(z; H, G) should be bounded for all values of z if the estimator is robust. For a more thorough discussion on influence functions, see, for example, Hampel et al. (1986) .
Let F (y, x) be the joint cdf of the response y and the covariate x. To derive the influence function forβ, we first note thatβ is an M -estimator defined by the score functioň
and that it can be expressed asβ =Ť (F ), whereF is the empirical joint cdfF (y, x) = n i=1 I({y i ≤ y} ∩ {x i ≤ x})/n and the functionalŤ is defined implicitly by ψ {z,Ť (F )}dF (z, x) = 0. Here, I(A) is the indicator function of the set A. From Hampel et al. (1986) , its influence function is given by
{y,Ť (F )}.
Note that we use the notation IF(y;ψ, F ) instead of IF(y;Ť , F ) to stress the dependence on the score function. Now asψ is unbounded in y and the term inside the bigger pair of braces is a constant with respect to y, IF(y;ψ, F ) is also unbounded in y, suggesting thať β is not a robust estimator.
Methodology

Robust Estimating Equations
In order to achieve robust estimation for GAMs, one could modify the estimating equations (3) so that the resulting influence function is bounded. Following this idea, we define our robust estimator,β, of β as the solution of
where
with the expectation taken with respect to the conditional distribution y i |x 1 , . . . , x m , ν is a weight function that down-weighs the effects of outliers, and ζ is a scaling function to be defined below. Note that if ν(y, µ) = (y − µ)/V (µ) and ζ(µ) = 1, then a(β) = 0, and ψ andβ reduces toψ andβ respectively. We further note that an additional weight function can be introduced to (5) to alleviate the effects of high leverage points.
To facilitate theoretical developments, we largely omit the use of this additional weight function, although an example is given in Section 8.
Similarly as before, we writeβ = T (F ), where now T (F ) is defined by ψ{z, T (F )}dF (z, x) = 0. Thus the corresponding influence function is
In order to make ψ and hence IF(y; ψ, F ) bounded, one could select a bounded ν guaranteed by some function φ,
, and a natural candidate is the following Huber-type function with cutoff c that does not depend on the sample size n and is related to the efficiency of the robust estimation:
We know that the choice φ c is sufficient for most practical use, but theoretical derivations often require twice differentiability that can be achieved by imposing smoothness constraints in a small neighborhood of c. We define the scaling function ζ(µ i ) = 1/E{φ (r i )}, where
For given µ i , this can be separately obtained by numerically approximation or even explicit calculation (e.g., for Binomial and Poisson with φ c ).
Notice that the estimatorβ is an M -estimator, and that it can also be treated as a penalized likelihood estimator. This is becauseβ can also be obtained as the maximizer of
where the quasi-likelihood term q is given by
This term q corresponds to a robustified likelihood of our estimation procedure and hence we shall call it robust quasi-likelihood.
A General Algorithm for Robust GAM Estimation
Due to the nonlinear nature of ν, obtaining the robust estimateβ, the solution to (5), is not a trivial calculation. Here we propose a practical algorithm for carrying out this task. The idea is to approximate the solution of (5) by iteratively solving (3), taking the advantage that many fast methods and softwares are available for the solving of (3). We first provide an intuitive argument that motivates our algorithm.
Suppose for now good estimatesμ i 's for µ i 's are available. Definẽ
Also defineβ as the solution to (3) with the y i 's replaced by theseỹ i 's. That is,β solves
Straightforward algebra shows that bothβ andβ solve the same estimating equations. 
i 's for µ i 's, this algorithm iterates until convergence the following two steps for t = 0, 1, . . .:
2. Fit a weighted additive model withz
as the response and use [V (μ
as the weights. Take the fitted values as the next set of iterative estimatesη
We have a few remarks about this algorithm. First, the initial estimatesμ
i 's can be obtained as the solution of (3); i.e., by nonrobust fitting. We used these initial estimates throughout all our numerical work, and they were remarkably reliable as initial guesses.
Second, the above algorithm can be coupled with any types of nonparametric smoothers, as long as the weighted fitting described in Step 2 is feasible. Third, the algorithm can also be applied to cases with more than one covariates. A bivariate example is given in Section 8.
Fourth, in practice, we do not update the value of ζ(µ 
Asymptotic Equivalence
Recallβ is the solution to (9) whileβ is the solution to (5). Denote the corresponding estimates for f derived fromβ andβ through (2) asf andf respectively. This section establishes the asymptotic equivalence betweenf andf . We note that the analysis below is applicable for a special but wide class of estimators, namely, those with their penalty β T Dβ derived from the norm of a reproducing kernel Hilbert space (RKHS). Briefly, H is called a RKHS if H is a Hilbert space of real-valued functions on an index set T , and there exists a bivariate symmetric, nonnegative definite function K(·, ·) defined on T × T such that the following two conditions are satisfied: (i) K(t, ·) ∈ H, for all t ∈ T , and (ii) the
, for all t ∈ T and f ∈ H. With this setup, the penalty matrix D is defined through K(·, ·). For details, please see Wahba (1990) .
In below we use J(f ) to denote such a penalty term. Without loss of generality, we shall present the theory for a single covariate model. The Euclidean norm is denoted by
x 2 i for x ∈ n , while the normalized version is ||x|| 2 n = ||x|| 2 /n.
We begin by noting that the solution of (3) can be obtained by iteratively solving a sequence of weighted least squares problems, as follows. Let
ii z i and f w,i = w
ii f i ; here the z i 's are typically known as the working data used during the fitting process, while f w,i and z w,i are the weighted versions of f i and z i respectively. Further write W = diag{w ii : i = 1, . . . , n}, z = (z 1 , . . . , z n ) T ,
. . , z w,n ) T and f w = (f w,1 , . . . , f w,n ) T ; i.e., f w = W 1/2 f and
Then, given z and z w , in each iteration the next estimates for f and f w are given, respectively, as the minimizers of
Rf w is a reproducing kernel Hilbert space representation of the penalty λβ T Dβ with R * = W 1/2 RW 1/2 . It can be shown that the estimate for f w iš f w = H(λ)z w , where the smoothing matrix is H(λ) = (I + 2λR) −1 .
For technical convenience, define
and
. Now as we have shifted our focus from β to f , the score functionsψ(y i , β)
in (4) and ψ(y i , β) in (5) are now written as, respectively,ψ(f w ; z w ) and ψ(f w ; z w ). Their
With these notations, we haveψ(f w ;z w ) = ψ(f w ; z w ). We shall show that, with the assumptions below, the M -type robust estima-
w satisfying ψ(f w , z w ) = 0 can be approximated arbitrarily well by the traditional estimatorf = W −1/2f
(A.1) The function f is bounded, i.e., sup −∞<t<∞ |f (t)| < ∞.
(A.2) Assume that max 1≤i≤n var{φ(r i )} < ∞ for all n, where r i = (y i − µ i )/V 1/2 (µ i ), and that φ possesses bounded first and second derivatives.
Note that (A.1) is to ensure that µ i = g −1 (f i )'s are bounded away from singularities (including ±∞) of the functions g, g , 1/g, 1/g and 1/V , and thus avoid unboundedness of w ii , ζ(µ i ) and ∂µ i /∂β. Regarding (A.2), as mentioned in Huber (1973) , higher order derivatives are technically convenient, but hardly essential for the results to hold. It can be easily fulfilled by modify φ c in (6) with cubic splines for small intervals around ±c.
(A.3) To address the dependence of λ on n, we may write λ = λ n if necessary.
One can easily verify (A.3) for smoothing splines based on the equivalent kernel representations (Nychka, 1995) . Note that, as a result of the normalization by n −1 in the sum of squares, the "λ" appearing in Nychka (1995) is actually equal to λ n /n in this paper. In particular, (A.3.b) involves balancing the rates of the smoothing parameter with the effective degrees of freedom, tr{H(λ n )}, of the smoother. Based on the equivalent kernel theory in Nychka (1995) , one expects that tr{H(λ n )} ∼ (λ n /n) −1/2m , where m is the order of the spline. So (A.3.b) holds with a wide range of the smoothing parameter λ n /n ∼ n −κ for 0 < κ ≤ 2m/(2m + 1), while the fastest one κ = 2m/(2m + 1) corresponds to the optimal convergence rate of the resulting estimator.
(A.4) The space of all f 's, denoted as H, is a reproducing kernel Hilbert space. Let C = {f ∈ H : f H ≤ G}, where f 2 H = J(f ) and G > 0 is some constant. Assume that C is compact with respect to the L 2 norm.
Theorem 1 If the assumptions (A.1)-(A.4) hold, then a consistent robust estimatorf
exists in a neighborhood of f in C and
This theorem implies that the robust estimatef can be well approximated byf . It also suggests thatf shares the same asymptotic squared error properties asf . The proof of this theorem can be found in Appendix A.
Smoothing Parameter Selection
For nonrobust GAMs estimation, Wood (2004 Wood ( , 2008 has developed fast, stable and efficient methods for smoothing parameter selection. However, most of these nonrobust selection methods cannot be directly applied to the robust GAM setting. In the context of nonparametric regression, it is known that classical smoothing parameter selection methods could be badly affected by outlying data. In this section we develop three smoothing parameter selection procedures that are capable of handling such outliers. The first one is based on the cross-validation idea. It can be applied to any smoothing methods but it is computationally expensive. The last two procedures are much less computationally demanding, but can only be applied to the penalized smoothers (2). Although our presentation below is for the case with one covariate, all three methods can be extended straightforwardly to select multiple smoothing parameters for multiple covariates. In general we denote the estimate of µ i computed using the smoothing parameter λ asμ iλ .
Robust Cross-Validation
Cross-validation (Stone, 1974 ) is a widely applicable method for choosing smoothing parameter. It uses the so-called "leave-one-out" strategy to approximate the best λ that minimizes the loss function under consideration. For the current problem, a natural loss function is the following Kullback-Leibler distance between the true and estimated µ i 's:
where q is the robust quasi-likelihood defined in (7). As the first term is a constant with respect to λ, it can be ignored in the minimization. Denote the leave-one-out estimate
iλ . The second term of KL(λ) can then be estimated by the following robust cross-validation (RCV) criterion
and λ is chosen as its minimizer.
One shortcoming about this procedure is that it is computationally expensive. Although k-fold cross-validation can be applied to alleviate this problem, it could still be impractical when n and/or m (number of covariates) are large. Thus, we seek faster alternatives.
Robust Information Criteria
Generalized information criterion (GIC) was introduced by Konishi and Kitagawa (1996) for estimating the Kullback-Leibler distance between a true and a fitted model. It can be viewed as a generalization of the Akaike information criterion (AIC), as it relaxes the AIC's assumption that the model parameters are estimated with maximum likelihood.
Recall the basis functions for representing f are
and denote the conditional density y i |x i as h. Appendix B
shows that, for the current problem, applying the GIC methodology will result in selecting λ as the minimizer of the following robust AIC (RAIC) formula:
In the above A and B are diagonal matrices with elements, respectively,
For many model selection problems it has been observed that AIC tends to select overparameterized models, and this issue may carry over to RAIC(λ). One common method to overcome this is to increase the penalty (e.g., see Bhansali and Downham, 1977) . Typically the constant 2 in the penalty term is changed to log(n), which coincides with the penalty of the Bayesian information criterion (BIC). Following this practice we obtain our third criterion, robust BIC (RBIC), for selecting λ:
Multiple Covariates
This section returns to the case when there is more than one covariate; i.e., when m > 1.
Recall that the goal is to estimate f 1 , .
, where {x 1i , . . . , x mi } are the observed covariate values. Since there is no interaction term, each f j can be modeled independently, and we allow different f j 's to have different basis functions. Let the number of bases for f j be p j , and the bases be {b
Then we have the following representation for f j :
p j ) T are the basis coefficients. To keep the model identifiable, it is customary to impose the constraint that, except for f 1 , all f j 's have zero mean. This constraint can be automatically achieved by applying a suitable transformation to the coefficients, basis matrix and penalty matrix; see, e.g., Wood (2006) for details. In below we assume that this transformation has been applied.
Let λ j and D j be the smoothing parameter and penalty matrix respectively for f j .
Similarly to the case when m = 1, the robust estimate of β = (β T 1 , . . . , β T m ) T is defined as the maximizer of
As mentioned before, the proposed algorithm can be applied to approximate this maximizer.
Also, if we let S = diag(2λ 1 D 1 , . . . , 2λ m D m ), we can re-express the above penalty term making (16) in the same form as for the single covariate case.
The robust smoothing parameter selection criteria RAIC(λ) and RBIC(λ) can then be straightforwardly applied.
Simulation Study
A simulation study was conducted to evaluate the practical performance of the proposed methodology. All together six different fitting procedures are compared. They are 1. rgamRAIC: the algorithm proposed in Section 3.2 with λ chosen by RAIC (14); 2. rgamRBIC: similar to rgamRAIC except λ is chosen by RBIC (15); 3. rgamRCV: similar to rgamRAIC except λ is chosen by RCV (13); and 4. gamAIC: a nonrobust GAM fitting procedure available in the R package mgcv (Wood, 2006) with λ chosen by AIC.
5. the method proposed by Croux et al. (2011) , and 6. the method proposed by Alimadad and Salibian-Barrera (2011) . Two types of error distributions were considered: the binomial and the Poisson families.
For the former the logit link was used while for the latter the log link was used. For the three robust procedures, we followed (Cantoni and Ronchetti, 2001 ) and set c =1.2 for binomial and c =1.6 for Poisson. We considered two univariate test functions:
A bivariate example will be given in Section 8. Three sample sizes were tested: n = 100, 200
and 500.
The noisy data were generated in the following manner. First a covariate value x was drawn from Uniform[0, 1]. Then the response y was simulated from the distribution under consideration with mean g −1 {t k (x)}, k = 1, 2. Lastly, p100% of the simulated (x, y)'s were randomly selected and changed to outliers in the following manner. For binomial data, y is set to 0 if the original value of y is 1, and vice versa. For Poisson data, y is set to the nearest integer to yu u 2 1 , where u 1 is generated from Uniform(2, 5) and u 2 is drawn randomly from {−1, 1}. Altogether three values of p were tested: 0, 0.05 and 0.1.
The mean squared error (MSE) n i=1 (μ i − µ i ) 2 /n was used to measure the quality of the estimates.
Comparison with the Method of Alimadad and Salibian-Barrera (2011)
We obtained the code for the fitting method of Alimadad and Salibian-Barrera (2011) from one of the authors' website.[Thomas: Raymond, please confirm.] Since this method employs brute-force cross-validation for smoothing parameter selection, it is computationally very slow and discouraged us from testing it with all the simulation settings described
above. Instead, we tested for the simulation setting with Test Function t 1 , n = 100, 
Comparison with the Remaining Five Methods
In this subsection the first five fitting methods listed at the beginning of this section are tested for all the simulation settings described above, with the exception that the computationally expensive method rgamRCVwas only considered for n = 100. For each simulation setting, the averaged MSEs together with their estimated standard errors were computed and reported in Tables 2 to 5 .
To facilitate comparison, except for rgamRCV, for all possible pairs of fitting procedures, we applied paired t-tests to test if the averaged MSEs are significantly different. The significance level was adjusted with Bonferroni's method and the overall family-wise error rate was 0.05. The fitting procedures were then ranked in the following manner. If the mean MSE value of a procedure is significantly less than the remaining two, it will be assigned a rank 1. If the mean MSE value of a procedure is significantly larger than one but less than the other one, it will then be assigned a rank 2, and similarly for rank 3. Procedures having non-significantly different mean MSE values will share the same averaged rank. The resulting ranks are also reported in Tables 2 to 5 .
From these tables, one can see that no method is universally the best. One can also see that rgamRBIC never performed worse than any other methods in the contaminated cases.
It also performed well when there was no contamination except for the Poisson family with Test Function t 1 . For rgamRAIC, from the averaged ranks, it seems to be slightly superior to gamAIC but inferior to rgamRBIC. As for rgamRCV, it performed well in most cases and its results are comparable to those from rgamRBIC. However, its huge computational expenses significantly lower its practical values. Lastly, we note that the method of Croux et al.
(2011) also estimates the dispersion function, so the comparison here may not be entirely fair. 
Real Data Example
Here we apply our methodology to analyze a two-covariate data set originated from a study conducted by the Deutsche Forschungsgemeinschaft (German research foundation).
It was collected during the years 1960 to 1977 in a mechanical engineering plant in Munich,
Germany. The aim is to study the relationship between chronic bronchitis and dust concen- tration. For more details, see for examples Kuchenhoff and Carroll (1997) and Kauermann and Opsomer (2004) .
The data set contains records of 1,246 workers. The response cbr is binary: occurrence of chronic bronchitis (cbr = 1 for yes, cbr = 0 for no). The covariates are dust, dust concentration in mg/m 3 , and expo, duration of exposure in years. This data set is plotted in Figure 1 . A reasonable model is
where f 1 and f 2 are smooth functions and g is the logit link.
A quick inspection of Figure 1 reveals a few potential high leverage observations (those with dust > 13). These high leverage observations may induce undesirable effects on our estimation, and the idea discussed by Cantoni and Ronchetti (2001) can be used to reduce such effects. We follow this idea and modify the robust score function (5) by replacing
, where ξ is chosen to down-weigh those high leverage observations. We used ξ(x i ) = {1 + (x i −μ T xŜ xμx )} (−1/2) whereμ andŜ x are robust estimates of the mean and variance of x i 's respectively. For other choices of ξ(x i ), see Rousseeuw and Leroy (1987, pp. 258) . We applied the proposed robust fitting method rgamRBIC to estimate f 1 and f 2 . For comparative purposes, we also estimated f 1 and f 2 with gamAIC (i.e., nonrobust fitting).
The choice of basis functions and other user-specific parameters such as knot locations are the same as those used in Section 7. The resulting fitted functions are displayed in Figure 2 .
The left panel of Figure 2 shows a counter-intuitive phenomenon in the nonrobust fit: it seems to suggest that the higher the dust concentration, the lower the chance of contracting chronic bronchitis. By inspecting Figure 1 , this counter-intuitive phenomenon is most likely due to the 4 observations with dust > 13. For the proposed robust fitting method, however, the effects of these 4 observations have been down-weighted. The corresponding fitted surface does provide a reasonable qualitative conclusion: the chance of contracting chronic bronchitis increases with both expo and dust. 
Concluding Remarks
The methodology proposed in this paper provides automatic methods for fitting GAMs in the presence of high leverage points and outliers. It contains three main ingredients:
the use of robust estimating equations to define robust estimates, a practical algorithm for calculating these estimates, and three new selection methods for choosing the smoothing parameter. Overall rgamRBIC is the recommended default procedure if estimation of the dispersion function is not needed. It is relatively fast, backed up with theoretical justification for equivalence results, and gave promising empirical performance in both simulations and real data analysis. R codes implementing rgamRBIC can be obtained from the authors.
A Auxiliary Lemmas and Proofs
The proof of Theorem 1 partially follows the idea in Oh et al. (2007) , with substantial changes made for the GAM framework. It is worth mentioning that the basic probability inequalities in Lemma A2 are required to hold uniformly over all neighborhoods of f . Major effort was devoted to prove the stronger uniform result. In fact the same technique used in this paper can be adopted to fix the proof of Oh et al. (2007) without altering the conclusion.
For convenience we abuse notation so that f is used to denote both the unknown function and the vector of function values sampled at the x i 's. Confusion should not arise as the correct interpretation can be clearly determined from the context. Similar abuses also exist for other symbols, such asf andf w . We first present three lemmas and recall thatf w is the penalized least squares estimate of f w obtained by applying the smoothing matrix H(λ) tõ
Lemma A1. (Consistency of roughness penalty and C n ). There exists K 1 > 0 such that
which also implies that E{ f − f 2 n } → 0 as n → ∞.
Proof of Lemma A1. It is sufficient to show that var(z w,i ) < K 1 for all i = 1, . . . , n, and the remaining arguments used in Oh et al. (2007) are valid. The assumption that |f i | is bounded from above implies that µ i is bounded away from the singularities of 1/V 1/2 (·), including ±∞, and thus w ii 's are uniformly bounded. From the relationship z w,i − f w,i = (y i − µ i )/V 1/2 (µ i ) = r i and by the definition of ρ, it is easy to check E{ρ(z w,i − f w,i )} = 0
and var{ρ(z w,i − f w,i )} < ∞ due to (A.1). By further noting thatz w,i − f w,i = ρ(z w,i − f w,i ), it follows that E(z w,i ) = f w,i and there exists K 1 such that var(z w,i ) < K 1 .
Taking expectation on both sides, we have
By omitting the first and the second term on the left hand side, we prove the first inequality.
Next writing f w − f w 2 = (f w − H(λ)f w ) − {I − H(λ)}f w 2 and taking expectations after expanding the r.h.s. lead to E f w − f w 2 = tr H 2 (λ)var(z w ) + {I − H(λ)} f w 2 , then the second inequality follows. Therefore, given (A.1), (A.3) and (A.4) and some constant K 11 , we arrive at
Pr sup
hold uniformly for 0 < L ≤ L 0 .
Proof of Lemma A2. Write h w,i = w
1/2
ii h i and f w,i = w
and note that g(−f w,i ) = w 1/2
ii {(z w,i − f w,i ) − ρ(z w,i − f w,i )} = 0. Applying Taylor's theorem to expand g(−h w,i ) around (−f w,i ) with the remaining term in an integral form,
ii u 2,i .
We first consider E{T 2 1 (h)}. It is easy to see that w ii , ζ(µ i ) and thus var{ρ (r i )} = var{φ (r i )}ζ(µ i ) 2 are uniformly bounded given (A.1) and (A.2), and that the eigenvalues of H(λ) are always between 0 and 1 implying H 2 (λ) ii < H(λ) ii and a T H 2 (λ)a ≤ a T a for any a ∈ n . Hence we have, for some
which leads to E{T 2 1 (h)} ≤ K 22 d n h − f 2 n for some K 22 , where d n = max 1≤i≤n H(λ) ii .
We are now ready to characterize sup h∈F L T 1 (h). First fix L 0 > 0 and > 0. Since H(λ) has eigenvalues restricted to [0, 1] and ρ (·) is bounded, there exists K 23 such that
Choose a fixed r 0 > 0 such that r 0 /L 0 < /(4K 23 ), and find a collection of open balls {B s } s∈S 0 defined by B s = {h ∈ H : h − h s n < r 0 } centered at h s such that C ⊆ s∈S 0 B s . Since C is compact from (A.4), there exists a finite subset
denote the number of elements in S 2 by N 0 . It is easy to see that
Consider the first term of (20), using Bonferroni's inequality, Markov's inequality and the bounds on E{T 2 1 (h)} and h s − f n , Pr max
The second term of (20) is obvious, max
Now we need to prove that the above probability bound holds uniformly for all
observing that P(h) − f n ≤ L and J(P(h)) is finite, i.e., P(h) ∈ C. Moreover, apply the same map P on B s = {h ∈ H : h − f n < r 0 }, s ∈ S 2 . The resulting image is
i.e., P −1 (h) ∈ C, thus P −1 (h) ∈ F L 0 . Then there exists some s ∈ S 2 such that P −1 (h) ∈ B s ,
and thus h ∈ B * s . Therefore we can use the same argument for Pr sup
It is important to note that the choice of N 1 only depends on N 0 , r 0 /L 0 determined by /K 23 , and K 22 , where N 0 is the size of S 2 and the radius of B *
For T 2 (h), note that w ii and w ii (f i − h i ))dsdt. Without loss of generality, assume that φ (t) = 0, t / ∈ ∆ n , for some ∆ n with its measure, denoted by |∆ n |, tends to 0 as n → ∞. A typical construction is to modify φ c in (6) using cubic splines for c ≤ |t| ≤ c + τ n and set φ c,n (t) = (c + τ n )sign(t) for ii (f i − h i ) ∈ ∆ n })dsdt ≤ K 25 |∆ n |/|h i − f i |, for some K 25 > 0. Then T 2 2 (h) ≤ K 26 |∆ n | 2 h − f 2 n for K 26 , and there exists an N 2 such that, for n > N 2 , sup h∈F L T 2 (h) ≤ L/2 holds uniformly for all 0 < L ≤ L 0 with probability 1.
Combining both uniform bounds with N = max(N 1 , N 2 ) yields (17). The proof of (18) follows the same arguments for (17) due to H 2 (λ) ii < H(λ) ii . That is, one can replace H 2 (λ) by H(λ) and all the steps are still valid.
Lemma A3. (Bounds on score mapping). Let U (x) = x + W −1 H(λ) × ψ(x w + f w ; z w ) and
n /δ for an arbitrary δ > 0 (notation abused for convenience). Then there is an N such that, for any n > N ,
holds uniformly for all x ∈ F n − f .
Proof of Lemma A3. For any h ∈ n , denoting x = h − f , we have and recall C n = E{ f − f 2 n }, applying Chebyshev's inequality,
Combining the two probability statements, we have Letting {δ/2+(2δ) 1/2 } strictly less than 1 leads to Pr sup x∈Fn−f U (x) n ≤ C 1/2 n /δ > 1−δ for sufficiently large n.
functions (11) and (12) achieved by the content of Lemma A2. Now we apply a fixed point argument to U (x) = x + W −1 H(λ)ψ(x w + f w ; z w ). Recall the definition of C in (A.4), let F n = {h ∈ C : h − f || n ≤ C 1/2 n /δ}. Using Lemma A3 and Brouwer's fixed point theorem,
there must exist at least one pointx ∈ F n − f such that Pr{U (x) =x} > 1 − δ. Then it is easy to verify that ψ(x w + f w ; z w ) = 0, i.e., a robust estimatef =x + f exists in a neighborhood of f with probability greater than (1 − δ).
It remains to bound the quantity f −f n . In view off w = H(λ)z w , ψ(f w ; z w ) = 0,
w ,ψ(f w ;z w ) = W 1/2 {(z w −f w ) −2λRf w } and H(λ) = (I + 2λR) −1 , one has W −1 H(λ){ψ(f w ; z w ) −ψ(f w ;z w )} n = W −1 H(λ)ψ(f w ;z w ) n = W −1/2 (f w −f w ) n = f −f n . Therefore, for sufficiently large n such that L n = C 1/2 n /δ ≤ L 0 , applying Lemma A2 with L n = C 1/2 n /δ and = δ 2 < δ, we have
which completes the proof.
B Derivation of (14)
The GIC formula of Konishi and Kitagawa (1996) contains two terms: a data fidelity term and a penalty term. For the current problem, it is straightforward to show that the data fidelity term is −2 i q(y i ,μ iλ ). To derive the penalty term, we first note thatβ is an M -estimator with influence function IF(y; ψ, F ) = P(ψ, F ) −1 ψ{y, T (F )}, where
For any M -estimator, Konishi and Kitagawa (1996) provide a general mechanism for deriving the penalty term. For ourβ, the derived penalty term is 2 × tr P(ψ, F )
dF (z, x) .
